Contrasting multi-sine and random-pulse models of noise

This development addresses two methods for modeling waigeforms analytically.
One is called a ‘multisine’ method, and the other diessra train of pulses occurring at
random times. Each can be a useful way to model remskthe effect of noise on
physical systems; each can have its time-domain agddéncy-domain behavior fully
understood. Best of all, each can have its spectraitgénnctionSf) computed
exactly.

a) A multisine representation of noise

A multisine representation starts with a fundamentabgddr, which might be rather
short in fact, but conceptually could be hours or day$omger than the duration of any
given experiment. It then defines a fundamental frequisreyt/T, and considers
sinusoidal functions at frequenfiyand its harmonics. The frequencies involvedfiare
ify =1i/T, extending from integar= 1 up to some chosen highest frequencyMtte
harmonic off;. The simplest multisine representation assigrsgaal amplitudea, and a
random phaseg, to each oM sinusoids, and then writes a voltage function of time
according to

V(t) = zzla cos (2r(if, B-¢ )
So the frequency-domain view of this waveform eqguency comb’, as there is
exactly one sinusoid in each frequency intedbad fi., —f; = 1/T.

It is easy to work out the mean-square of this ficave, by squaring/(t) and integrating
over the full periodl. In the process, all the ‘cross terms’ vanisayilay
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It is also easy to assign the spectral densithiefwaveform, by imagining first filtering
the waveform to some frequency band of wilittat frequency. Such a band-pass
filtering will let through not alM terms, but only a smaller number, nansfiidf, of
terms in the sum above, and the mean-square vhthe foltered waveform is then
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Now we compute the mean-square per unit bandwggimg
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Thus we see that the power spectral dei$flyis given by
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at every frequency up to the highest frequency presene iaum (provided that we do
not look with sufficient spectral resolution to see itftdvidual teeth in the frequency
comb).

By contrast to the simple frequency-comb form that thodel displays in thieequency
domain, its appearance in ttime domain can be complicated. In fact, unlike the power
spectrum, the time-domain waveform depends in detail®ghbices made for the
phasesp. If the phases are all chosen to be z€(9),adds up to a series of narrow
spikes, occurring periodically in time with peridd If the phases are chosen instead
according to certain deterministic laws (eg. Schroedasgd), thei/(t) can take on the
form of a ‘chirp’ waveform. If the phases are pickedéwandom in the interval (0, 8),
then the waveform takes on the familiar look of no@s®&l in fact displays near-Gaussian
statistics in its voltage histogram. But fmy of these time waveforms, the frequency-
domain power spectrum is either
» afrequency comb with tooth spacidig when seen with high enough spectral
resolution, or
« effectively a white-noise continuum, of spectral dgrSit a%/(2 &f), when seen
with lower resolution.

b) A random-pulse model of noise

We now introduce an alternative representation oenoihis model starts with narrow
pulses in time, and it requires that we assume pulses accamdomly-distributed times.
In principle this pulse train goes on eternally, but magine instead that the pulses exist
only in the time interval H2 <t <T/2. Or, we could imagine ‘windowing’, out of a
continuous train of pulses, only those pulses whiclinfalh observation window of
durationT. We could imagine that the ‘true’ waveform is perioalith periodT, or that
the waveform vanishes outside this window of widltfbut in any case we can again
chooseT to be longer than the duration of any plausible expeting® in practice it does
not matter.

So inside our time window, we imagine tiNipulses occur, and the times of occurrence
are labeled;, wherej runs from 1 ta\. At each of these times, we imagine a voltage
pulse, which we model to be rectangular in shape, of hlighvoltage, and duration

in time. [We postpone the discussion of that limitiagecin which the pulses are
modeled as delta-functions.]

So our waveform has squared-value eitdeor 0, and its mean-square value is easily
computed (provided we assume the pulses are narrow enougineguent enough, that
pulse overlap can be neglected):

(v2) :%ji’i V(t) it :%DN [H2r

With a view to a future random pulse train, we let thetignoN/T =r, the rate of arrival
of pulses.



This calculation shows that our waveform is squaregnatigle, so it has a Fourier
transform. In fact, according to the treatment of Agujpe A.10 of ‘Noise
Fundamentals’, we can even write a candidate for iteepepectral density, in the form

S(f)=2| Wk (f)*

where the scaled Fourier transform is given by
L(H) = [ v () et
W=7,

From this definition we get a power spectral dgriat obeys a form of the Parseval
relation

K&nm:W%»

Now using the functioiR(t) to represent a rectangular pulse of unit heighd, fixed
width t, centered on the origin, our waveform is given by

V(t)=ZJ,N:lH R(t-t,)

With this form of\/(t) the transfornW is also easily computed, and gives

W (f)= jm 2”‘“2H R(t-t,) dit

-T/2

Clearly we can mterchange the order of integratind summation. Then in eachMof
integrals that appear, we cantlett t;, and each term can be manipulated to give

T2 2m ft _ 27 f (t'+t))
j o R(t-t,)dt= j e R(t) dt’
The integral that’s left is easily done, and itggv
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So ourW-functlon becomes

W, ()= z " sinc@rfr)

where we note that the SinEE (sinx)/x factor is a result of our assumption of
rectangular pulses Since this factor occurs anyeterm of the sum, we can write

\Nr(f)—Tsmc(ﬂf T)Z e

The sinc-function has its first zero atf(t) =1, ie. at frequency= 1/, so the computed
noise spectrum will be flat near= 0, and will decrease when approaching a frequehc
order 1f.

The power spectral density is now given by

s(f) =2, (f)[ _sz ™ siné Wfriz Al

The squared-sum can be wrltten as
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and in the sum we can separate the ‘diagonal termsj withfrom the ‘off-diagonal
terms withj # k. That gives for the sum the result

N 2 f 0 Zﬂif(tj_tk)
j:le +Zj¢ke

The first part hadl occurrences of 1, so it sums up\to The second part h&ag —N
terms, but these occur in pairs, and the result carriterin manifestly real form as

N ﬂ+2j>k 2Ccos[arf (-t )]
Hence the spectral density is

H27%
TT sin¢ (szr){N+Zj>k 2cos[zr § —t, 7}]

Apart from an overall multiplier and a sfrfactor, the spectral density includes within
brackets a constant, plus the sunlN@¥-1)/2 cosines-in-frequency. The periodicity-in-
frequency of a generic term is 1.4 ti), which is typically of order 2/ Since ag is
imagined to be long, these terms vary rapidlyaegdrency, and give the computg(d)-
function its rapid fluctuations with respect toduency. But the mean (with respect to
frequency) of each such cosine term is zero, stotla average-in-frequency of spectral
density is

§(f):2H_2|_T2 sinc (ﬂfr){N +WDZ]%

S(f)=2

Again, the quotienN/T =r emerges, so we finally have the desired resuita fmain of
rectangular pulses, each of heighaind widtht, arriving randomly in time but at average
rater, the power spectral density’s average value isrgby

S(f)=2r (Hr)?sin? (rfr)

C) The delta-function limit?

It is sometimes useful to think of our voltage pslé the limiting case of very high and
very narrow:H - oo, T - 0, but with ‘area’ produdtl(@ held fixed atA. Under this
assumption, the waveform-in-time is modeled asia of delta-functions, given by

viy=Y." Ad(t-t,)

In this limit, we get an averaged-in-frequency spalensity function
S(f)=2r (A)?sin@ @rf 0)= 2 A?
and in ourt - O limit, the spectrum is ‘flat’ or white in freqoey, out tof = c.

This delta-function limit is convenient to use, iudoes have one pitfall. It give¥f) =
constant, so the integral

j:S(f)df

which ought to give ¥(t)>, the mean-square-value of the voltage, nowtisdoto
diverge. For that matter, the earlier direct cotapan of Q/4(t)> = (N/T) H* T =r H? T =



r(Ht )%t =r A%t is also seen to divergems- 0. So we cannot retain a square-
integrable function if we ‘go all the way to— 0’, though we may be able to model our
pulses as delta-functions for some other mathematicpbpes.

Short of thet — O limit (as genuine physical pulses always are), wecoarpute
j°°§(f)df :j“’zr (HrYsin@ @fr)df =2 Hrf—=rH?7
0 0 T 2

and we get a result in exact agreement with the-tiomain computation of\&(t)>.
This is a welcome check, but not a surprise, asrésiult of the Parseval relation was
built into our definition fory().

d) The fluctuations in the spectral densityS(f)

Now that we have a computation of the spectralilenge can even discuss the
fluctuations, with respect to frequenigyof Sf)’s value, which always show up in a plot
of Yf) vs.f for a noise waveform. Those fluctuations arisenfithe behavior of the
bracketed quantity

{N +Y 2cos[ar ¢ -t )f ]}

and we’ve previously noted the first term has amviadrequency o, while the second
term has a mean-in-frequency of 0. Be we candifsniss the mean-squdtaetuations
in frequency of these two pieces. The first teas ho fluctuations; in the second, we
assume we are not looking rightfat 0, and we assume that the time intervalst)
that appear are ‘random enough’ that the cosimestare all of uncorrelated
periodicities-in-frequency. Then the mean squétéis zero-on-average sum is easily
computed to be

N(N-D) oo 1 ’

2 2

since there arBl(N-1)/2 terms, each involving & 2nd a cosine-squared whose mean-
square value is 1/2.

So in the bracket we have two terms, which we cadie\as
{ } {[aterm of mean ofN , with mean-square fluctuatio]+

[a term of mean of 0, with mean-squdtefuationN (N -1)] }

That is to say, as a function of frequeicthe spectral densit(f) is a function whose
mean-in-frequency il N, and whoseoot-mean-square measure of fluctuations-in-
frequency arél VN(N-1).

This substantiates the claim that the computedored Sf) from any single capture of a
noise waveform will yield a result with large fluettions in frequency. In fact, we now
see that the fluctuations, measured in the rmssans just as large as the mean value.
These fluctuations doot get any smaller, relative to the non-zero meanevafS(),

either asl - o or asN - o. But it should be clear that local averaging wehpect to



frequency, or the use of repeated acquisitions to foramaemble average, will suppress
these fluctuations relative to the mean.

e) Shot noise

In any case, we finally have a model for noise wigatxactly applicable to a physically-
relevant situation. We can write a current composedrafomly-arriving electrons by

. N

iM=>_(-edt-t)
where the times-of-arrivéil are randomly distributed, but occur at rateThen such a
current displays ‘shot noise’, in that its poweedpal density is

S(fy=2r(-ef=2 é

Since the magnitude of the d.c.-averaged curgei®t given byr(@, this can also be
written as

S(f)=2(re)e= 2, e
or in the formS(f) Af = 2 eiqc Af, the usual expression for the spectral densighot
noise. We can now even see that a real currempased of pulses of width= 1 ns,
will in practice exhibit a shot-noise spectrum whis ‘white in frequency’, at least for
frequencies well below 1~ 1 GHz.

e) The ‘true’ picture of noise?

We can now see that a noise waveform with an adelyukat-in-frequency spectral
density of nois&f) can be written in two independent ways. Bothhods allow us to
write a function-in-time whose spectral densitgmglytically computable in terms of the
parameters of the waveform. In each case, iesravhat we need to do to get a noise
spectrum that is flat out to some target frequenidye more interesting question is, what
is the actual waveform of some voltage whose repsetrum we quantify, and verify as
white? The answer is that we cannot know, at lieast the mere measurement of the
spectral density.

This should be clear from the fact that we can tonstwo completely differentnoise
waveforms, each adequately flat frém O tof = 1 MHz, and each delivering spectral
densityS(f) = 102 V¥Hz in that range (so that the voltage spectrasitertS is given by
1 uV/VHz in each case). These two waveforms are velgrelift in character. The
multisine model would (under sufficient resolutiarfrequency) reveal itself to be a
frequency comb, and would (examined for a long ghaluration) reveal itself to be
periodic in time. The random-pulse waveform woldder sufficient time resolution)
reveal the actual and individual pulses that mak.i

But both give the same spectral density of noisd,leth are equally useful
representations of noise. For example, eithercomdd be imagined as the excitation
applied to a simple harmonic oscillator. The remsaoof the oscillator would be



computed differently for the cases of the two waveforinsthe multisine model, we
would use the principle of linearity and the transfer fiamcfor each individual
frequency of sinusoidal excitation. In the random-puledeh) we would use the
impulse-response function of the oscillator, and alsdinsarity. In either case, we
would extract an oscillator response, and we would fiodgkample) the same result
from the mean-square value of the oscillator response.

This should illustrate that there are many models disen and that the two we have
picked are only examples chosen for their simple anglytiperties.



