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A new data acquisition technique has been designed for measuring chaotic attractors in periodically
driven systems. Analog output hardware generates a continuous periodic waveform used in the drive
while analog input hardware digitizes one or more chaotic waveforms characterizing the system
phase space variables. With both processes synchronized to a common clock, the construction of
multiple Poincaresections is reduced to the simple process of redimensioning the chaotic
waveforms and taking slices in one of the array indices. The implementation described here is
applied to an electronic Duffing oscillator running at 1.6 kHz and provides quality Poiseatiens

in near real time. ©2004 American Association of Physics Teachers.
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[. INTRODUCTION one recently reporteticonsisting of an LRC circuit and two
. . . , i AD633 analog multipliersthat generate the circuit nonlin-
Notwithstanding the continuing growth in the field of €x- aayity from the capacitor voltage. The AD633 has differential

perimental nonlinear dynamics, data acquisition_techr_wiqueﬁmutsvl andV,, a fixed coefficientVy,=V,V,/10 V, and
capable of collecting complete phase space trajectories re;

. . . . . n output amplifier for applying an offset and/or a gain. The
main relatively rare. Here we describe a technique applicablg, 4 itor voltage is squared and given a negative offset in
to periodically driven systems and capable of continuouslyy,q first mutiplier stage. The first stage output is multiplied
collecting phase space variables at points uniformly space. the second stage by the capacitor voltage and amplified to
along the drive waveform. The data acquisition system iﬁ)roduce the cubic potential shown in Fig. 2.
demonstrated on a two-well Duffing oscillator circuit and Component values wer€=0.1 uF, L=0.12 H, andR
collects dia\':(a for ten Poincasections at drive frequencies up —70Q (inductor resistance alo.hellrL 1’809 (With a,n added
to several kHz. . .

Desktop computers equipped with multifunction data ac—lll?{2 reaztob. 1’8 {;Oth mTf potthwas _usgd fqtr :[rhhe o\f/fset
quisition boards are commonplace equipment in many teach/0''a@ge and a fim pot for the gain circuit. Thet Vs
ing laboratories. These systems are capable of simultaneouyoltages for the AD633 were from 212-V potted supply.
waveform generation using a digital to analog converter and With the sign conventions and variables as shown in Fig.
waveform acquisition using an analog to digital converter.l, Kirchhoff’s loop rule gives
Most importantly here, the two processes can be synchro-
nized by properly configuring the signals that trigger the con- ) q ) [ 3
versions. By driving a chaotic system with a periodic output ~ Vo SInwt— c Ri— La =avtbug, 1
waveform and synchronously measuring phase space vari-
ables with the input waveforms, chaotic trajectories can b?/v
acquired in a form that is well suited for the construction of
multiple Poincaresections and for the determination of frac-
tal dimensions and Lyapunov exponents.

here the first term represents the drive voltage and the
right-hand side represents the voltage from the AD633 mul-
tipliers. The offset and gain pots were set once and gave
=GV,/10 V= —1.6, andb=G/100 \2=0.08/\~.

Equation(1) can be cast in autonomous form as:
II. DUFFING CIRCUIT

The technique is applied to the double-well Duffing oscil- ﬂ:i )
lator circuit depicted in Fig. 1. This circuit is simpler than dt
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Fig. 1. Left: Duffing oscillator made from an LRC circuit and analog multipliers. Right: Drive circuit for the DAC-generated waveform.

di di

a=aq—,8q3—l“i+esin6, (3) gi= 2«(a-g.)-Ti 9)

de and demonstrates that the resonant angular frequency for

T (49 small oscillations about these points\&a. For the circuit
parameters given, this corresponds to a frequency of 1.6 kHz.

where Chaotic behavior was obtained at several different drive fre-

a=—(a+1)/LC, (5) quencies including 1.6 kHz, which was used for all the data
presented here.

B=Db/LCS3, (6) The circuit was designed and its parameters were chosen

F=RIL @ to provide a good example with which to demonstrate the

data acquisition technique and run it near the highest speed
e=vglL. (8)  the hardware could accommodate. Relevant hardware char-
i i . acteristics and programming details will be presented by ex-
Equations(2)—(4) predict the dynamics for the three phase ample with those used for this work. Variations needed for
space variablesy, i, andé. different hardware or a different chaotic system will hope-
With the drive off (€=0), the system has three fixed fully be apparent.
points—where dg/dt=0 and di/dt=0. Two at =0+

==+alB, i=0 are stable while one at=0, i=0 is un- lIl. DATA ACOUISITION SYSTEM
stable. Expressing Eq3) as a first-order Taylor expansion Q

about either stable fixed point then gives the damped har- The hardware included a 500-MHz desktop PC, a National
monic oscillator equation: Instruments PCI-MIO-16E-4E-4) multifunction data acqui-
sition board, a shielded cable, and a connector bfotke
block connections to the E-4 were jumpered out to a bread-
board where the circuit was built.

i The E-4 has two 12-bit digital to analog convertéd#\C0O

and DACY) that can operate in unipolar {6+ V) or bipo-

lar (— Vis— + Vi) mode. For further flexibility the full scale
voltageVy can come from an internal 10-V reference or any
0- to 11-V signal applied to the board’s external reference
connection. There is also a 12-bit successive approximation
analog to digital convertefADC) that can operate in unipo-
lar or bipolar mode. The ADC input circuitry includes two
multiplexers allowing measurements on 16 single-ended or 8
differential inputs and a programmable gain instrument am-
plifier (PGIA) providing full scale ranges from 50 mV to 10

V.

vy (V)
B T S R O S TR YT B SN
T

The DACs have a maximum conversion rate of 1 MHz.
a1 2 3 4 5 & The ADC’s maximum rate is 500 kHz but the PGIA settling
e (V) time can reduce the rate for full accuracy conversions to

about 125 kHz particularly when switching from low to high
Fig. 2. Plot of the cubic voltage, generated by the multiplier circuit at the 9@ins. The ADC and DAC conversions can be triggered by
top of Fig. 1. pulses applied to selected board inputs or they can be derived

6 5 4 3 2 -l
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from the board’s 20-MHz master clock by dividing it down 320 kHz. With a 20-MHz clock, the nearest divisor would be

to the desired rate using the E-4’s timer/counters. 62 or 63. Choosing 62, each drive waveform is complete in
All data acquisition and analysis programs were written62x 200= 12 400 ticks of the 20-MHz clock. Ten ADC read-

with the LABVIEW software packagéand several figures in ings per cycle were desired and so a divisor of 12 400/10

this paper are from those programs. =1240 was used for the scan clock. With these values, ex-
actly ten scans are read on each cycle of the drive. As the
A. Drive generation data show, there is no loss of correlation even after thousands

S ) of cycles.
DACO operated in bipolar mode to generate a continuous A’sacond method for obtaining the phase space variaples

sinusoidal .drive signal. The Process begins by construct[ng 8ndi was also successfully applied. When this method was
200-point integer array approximating one cycle of a sinu- sed, only the capacitor voltage, was digitized and the

soid. The array is converted sequentially and repeatedly at -

uniform rate determined by the DAC “update clock.” Be- DC used the same divisor as the DAC. Although the ADC
cause the array is small enough to fit in the E-4's DACconversions then run at 320 kHz, somewhat close to the
buffer, once the conversions are started, they run solel'@Ximum 500-kHz rate, the ADC accuracy remains high be-
within the E-4. ause only a single, smoothly varying voltage is being digi-

The drive current needed would be near the DAC limits oftizéd and there is no multiplexer switching nor changes in
+5mA and so the DAC output was buffered as illustrated int® PGIA. With 200 readings per drive period, values dor
the circuit on the right in Fig. 1. The circuit consists of a &ndi were then determined using Savitsky—Golay filtering.
unity gain op-amp with a low-pass filter on the input stage toThese filters are _equwal_ent to a least squares fit to a polyno-
smooth out the digitizing steps in the raw DAC output. TheMial at each desired point along the waveform based on an
3-dB frequency 1/(2RC) was chosen around 3 kHz for gqual amount of data to e_ach S|d<_e. Th|rty—thr_ee point, quartic
minimal attenuation at the 1.6-kHz drive frequency while thefllters were used, evaluating andi at ten points per drive
digitizing steps at 320 kHz are attenuated nearly 99%.  cycle.(Such a filter was also used to evaludiédt for use

The drive amplitudev, could be adjusted several ways. in one of the fitting procedures described Ie)t_é’lhese filter
The method chosen gave the most accurate sine wave repfe@rameters were found to work well for prior work on a
sentation by keeping the amplitude of the sinusoidal arrayifiven chaotic pendulufwhere data consisted of angular
fixed at 2047—the maximum for a 12-bit signed integer.read'”gs that were also taken at a rate of 200 per cycle.
With DACO operating in external reference mode, the actual The voltagev, was measured on the 5V range anc,
amplitude of the output was then determined by the voltag&vas measured on the 0.25 V full scale range. The voltage
applied to the externaV input. This input was jumpered change corresponding to the least significant(lsib) of a
from the output of DAC1(operating in internaV=10V  bipolar 12-bit ADC is 1/2048 of the full scale range and the
reference modeso that the drive amplitude could be con- standard deviation of & 1/2 flat distribution is 1J12. Con-

trolled in software. sequently, a 1/2 Isb error in the digitizations translates to
standard deviations in the charge and current giveropy
B. ADC waveforms =0.07 nC ando;=0.32 uA. The expected standard devia-

tion of g, i, anddi/dt values obtained from the Savitsky-
The LRC circuit's capacitor and resistor are connectedsolay filters are 23 pC, 1.2A and 0.11 C/%, respectively,
across two of the eight differential inputs with the positive assuming the same 1/2 Isb digitizing errorvig.

terminal on the upstream side of the current flow. The mea- 5q they come in, the raw 12-bit ADC readings are stored

sured voltages . andv, are scaled to determine the chargejn 5 |arge memory buffer via direct memory access. The

q=Cu, and the current=v,/R. _ buffered data are then saved to disk as 16-bit integers at
Several steps are involved in making the measurements. fegular intervals. A typical trajectory of 50 000 drive cycles

channel list is created giving the multiplexer inpithan-  takes about 30 s to collect and at 20—200 ADC readings per
nels to be digitized and the order in which they should becycle results in file sizes from 2 to 20 Mbytes.

digitized. A second list gives the PGIA gain settings that
should be used. Once acquisition is started, the conversions
run continuously with each pulse from the “scan clock” ini- V. ANALYSIS AND RESULTS
tiating a scan—a reading of all the channels in the list. The _ . . .
interchannel delay is_controlled by a separate “channe} Analysis begins with the ADC-measured chaotic wave-
clock” and was set to 5us for this work. orms scaled or filtered to _obtaln a time series of phase p0|_nts
The phase of the drive voltagéis the third dynamical Gi»ii @t ten points per drive cycle for 50000 cycles. This
variable, and its value—to within a constant offset—wasreéPpresentation is illustrated by the front-facing two-
made implicit in the array index of the ADC-measured vari-dimensional data array in Fig. 3. The block frayg,io to
ables as described next. The ADC scan clock and the DA@g,ig represents points from the first cycle of the drive wave-
update clock are both divided down from the single 20-MHzform. A similar block fromqyg,iqg t0 Q19,i19 just below it
master clock. A precise correlation is maintained between theepresents points from the second cycle, and so on.
ADC readings and the phase of the drive by programming Since there are ten points per cycle, the indices
the integer divisors for both clocks so that the same numbed, 10, 20, ... allcorrespond to values at the same point on
of master clock ticks pass during one cycle of the DACOthe cycle, while 1, 11, 21.. all correspond to a point one-
waveform generation as pass for a whole number of ADGenth of a cycle further along. The tenth group, with the
scans. indices 9, 19, 29... andcorresponding to a point nine-tenths
For example, a 200-point waveform having a drive fre-of the way along the waveform, completes the data set. Fig-
quency of 1.6 kHz requires that the DAC conversions run aure 3 shows how the data blocks from each cycle can be
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Fig. 3. Data redimensioning to produce Poincseetions. The original data
are in the front-facing vertical plane. The 10 Poincseetions are the hori- 1 F
zontal planes in the top block.

repositioned behind the block from the previous cycle -1
thereby building up a three-dimensional array in which each
horizontal layer contains phase points from only a single
phase of the drive cycle. The data in these horizontal
“slices” are Poincaresections—all pointsy; ,i; at a single

-3 1 1 1 1 1 1 1 1 1

phaseg of the drive.LABVIEW's “redimension array” opera- 'e0D 400 a0 200 100 0 100 200 a0 400 500
tion converts between the time series and Poinogpeesen- g (nC)

tations while the “index array” operation slices out any of

the ten available sections. Fig. 4. Comparison of Poincamections for two methods of data acquisi-

The two Poincaresections of Fig. 4 were both obtained tion. (a) Scaled from a data set with 10 digitizationsigfandv, per drive
from the same circuitincluding a 110€) discrete resistgr  cycle.(b) From Savitsky—Golay filters based on a data set with 200 digiti-
and both include data from 50000 drive cycles. Fay q  Zzations ofu. per drive cycle.
andi were scaledbut not smoothedfrom data sets in which
v, andv, were digitized ten times per drive cycle. R, g
and i were determined using Savitsky—Golay filters from
data sets in which only. was digitized 200 times per cycle.
For Fig. 4a), and for the analyses to follow for that data set,
the digitizations ofv, and v, are assumed to be simulta-
neous. That is, the ks interchannel delayl/125th of the
drive period is neglected.

The data for Fig. 5 were obtained as for Fighy but er
without the discrete resistor. The circuit resistance deter-
mines the damping parametér and the higher damping for 1k
the circuit with the 1107 resistor leads to a faster rate of
contraction of occupied phase space volumes and produce’q'é“
more sharply peaked ridges in phase space density as ev.s
denced in the Poincamections. ~

The analysis procedures to determine the system param -t |
eters, Lyapunov exponents, and fradtapacity dimensions
have been described previou8iyhe results are displayed in 2L
Table I. The first two lines correspond to the data sets usec
for Figs. 4b) and Fig. 5, respectively, while the third line . . . . . . . . .
corresponds to the data set used for Fig).4 Cen 400 300 200 100 0 100 200 a0 400 S0

The system parameters were determined from a leas (nC)
squares fit to Eq(3) using Savitsky—Golay evaluated values 1
of g, i anddi/dt at 10 000 points on each of the ten I:)OiﬁCf?‘reFig. 5. Poincaresection obtained as for Fig(l# but with the 110€ discrete
sections. All but one of the fitted parameters are within 15%esistor removed.
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Table I. Fitted system parameters, capacity dimendignLyapunov exponents;, and Lyapunov dimension
d, for two resistances.

R a J: r € M Aa

((9) (ms™?) (ms™? uC™?) (ms™h) (mA/ms) do (ms™?) (ms™?) dp
70 47 590 0.80 7.3 1.64 118 —202 158
180 48 590 1.70 74 1.46 092 —299  1.31
180 1.44 1.04  -278 137

of the values obtained from Eg®) to (8) usingR, L, C, a, caresection to the next. Neighboring pointypically sev-

b as given previously and,=1.0 V—the drive amplitude €ral hundregiwere those found in an elliptical patch centered
used for all three data sets. The rms deviations of the fit¢n the fiduciary and having major axes of 50 n@iand 100
were 0.23 and 0.18 (Jdor R=70 andR=180() data sets, A in i. The neighboring points’ displacements from the
respectively, which compare well with the best casefiduciary inq andi after evolving are fit to a quadratic for-
0.11 C/¢ uncertainty indi/dt based on a 1/2-Isb uncertainty mula in the starting displacements@&ndi. The Lyapunov

in the ADC digitizations. exponents are derived from the linear terms.

The capacity dimensiod, was determined using the box  The rms deviations for the Lyapunov fits give some indi-
counting algorithm from a single Poincarsection of 50000 cation of the accuracy of the phase points. When analyzing
cycles. Theq,i plane is divided into a rectangular grid and the data set of Fig.(&) where direct measurementswof and
the number of grid boxedl containing at least one phase v, were used, the rms deviations averaged around 0.12 nC
point is determined as the linear sigeof the rectangles is for the fits to the displacements qnand around 0.QA for
reduced. The capacity dimension is the slope of theNleg ~ the displacements in These deviations compare reasonably
logl/s graph. The data and fit are shown in Fig. 6 for the twowell with the 1/2-Isb uncertainties in each point's coordinates
resistance values and demonstrates a near linear behavior@s0.07 nC and 0.3%:A. The rms fitting deviations were
the grid was varied from 200 to 320 000 covering rectanglesabout 0.08 nC and 1.6A when analyzing the data sets of
With only 50000 phase points, some of the smallest rectFigs. 4b) and 5 where Savitsky—Golay filters were used.
angles are unoccupied only because the trajectory is finitdjere again, the deviations appear reasonable compared to
which may account for the slight flattening out of the data forand 1/2-Isb uncertainties of 0.023 nC and &A.
the finer grid settings. Consequently, the values in Table | are Variations in the Lyapunov exponents over different 1000
computed from only the eight points for the coarser gridscycle sections of the complete 50 000 cycle trajectories were
(The values decrease 0.03—0.05 when all twelve points af/pically around 5%, which can be taken as a rough estimate
used) of their uncertainty.

The Lyapunov exponents were determined using a modi- TWo theoretical checks on the Lyapunov exponents can be
fication of the Eckmann and Ruelle algorithtnfrom ten ~ made. First, the Lyapunov dimension is defined by
equally spaced Poincasections of 50 000 cycles. The algo-
rithm followed a single fiduciary trajectory for at least 1000 d =1+
cycles, examining the evolution of phase points in the neigh- N2
borhood of that trajectory as they propagate from one Poinand should be equal to the capacity dimension according to

the Kaplan—Yorke conjectur@The results are demonstrated
in Table 1. As a second check, the sum of the Lyapunov

Ay

(10

5 exponents is predicted to be equaltd’. For the 70€) data
45 b set, the sum is-0.84/ms, in good agreement with theof
0.80/ms. For the two 180} data sets, the Lyapunov sums are
4} —2.07/ms and-1.74/ms, while the fitted" is 1.70/ms.
35
> V. CONCLUSIONS
ED : We have shown how chaotic attractors governing driven
25 | nonlinear systems can be obtained experimentally using a
multifunction data acquisition system to perform synchro-
2 S70 0 nous Waveform generation and waveform acquisition. The
180 Ohm crmca_l feature is the use of a common cloc_k_to trigger b(_)th
15 the digital to analog and the analog to digital conversion
processes. The technique was applied to a Duffing oscillator
1 L L L and data sets for ten Poincasections were collected.
1 1.5 2 25 3 Results for circuit parameters, fractal dimensions, and

Lyapunov exponents showed a reasonable degree of self con-
sistency. In addition, the rms deviations for the least-squares

Fig. 6. A log—log plot of the number of grid boxes needed to cover afItS to determ"?e circuit pa_rameters and Lyapunov_ e_xponents

Poincaresection vs the inverse size of the grid boxes. The slope is thedgreed well with expectations based on the precision of the

capacity dimension given in Table I. raw measurements.

log 1/s
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