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Purpose 
 

Setup 
The final experimental 
apparatus consists of a 
flexible, inverted pendulum 
attached to a Pasco Rotary 
Sensor which is mounted on a 
wooden dowel. The dowel is 
supported by two ring stands. 
Without support, the inverted 
pendulum will just fall over. 
Two springs of equal spring 
constants are attached to the 
pendulum and the ring stands 
to provide support.  Two rare  
earth  magnets  act  as a  point 

Nonlinear dynamics has applications in all areas of 
science, engineering, economics, agriculture and even 
music. With wide-ranging applications, it is important to 
understand the physical implications of nonlinear 
systems. The purpose of this experiment is to create a 
mechanical system where the unusual behavior of 
nonlinear systems can be observed and easily measured. 
Chaotic systems are very sensitive to initial conditions, 
so the apparatus must be sufficiently isolated to ensure 
that minor factors like air resistance and vibrations do not 
impact the behavior of the system. Additionally, the 
apparatus must be made from parts existing in a 
generally equipped undergraduate physics laboratory. 
The sensors used for data collection should collect the 
positon data directly without need for calculations or the 
use of other measurements; thus, limiting the 
uncertainties to a single measured quantity. 

mass on the pendulum. These magnets react to the 
changing magnetic field generated by the sinusoidal 
signal sent through a set of paired Helmholtz coils.  The 
pendulum sits between the Helmholtz coils.  
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Conclusions 
 

Analysis 
 

By changing the frequency of the driving signal or the positon of the 
magnet, we can change the behavior of our system. We collected four 
data runs where positon of the magnet on the pendulum and the driving 
frequency was changed capturing period doubling, period eight motion, 
and two chaotic runs. 

The nonlinear behavior of our inverted pendulum is well represented by 
the Duffing Oscillator. In its most general form the second order 
differential equation is: 

�̈�+𝛿�̇�+𝛽𝜃+𝛼𝜃3=𝛾cos𝜔t 
δ denotes the amount of damping on the system. δ ≥ 0 is the condition  
for chaos. α signifies the amount of nonlinearity in the restoring force. β 
controls the size of the stiffness of the spring. γ represents the amplitude 
and ω the frequency of the periodic driving force. 

Figure 4 - Theoretical Strange Attractor Sequence 

To determine the presence of chaotic behavior and 
determine if our experimental apparatus could truly be 
modeled by the Duffing equations, we developed a 
theoretical model of the Duffing oscillator in SciLab. 
From this model we generated state space diagrams and 
Poincare sections. The experimental data was similarly 
used to create state space diagrams and Poincare sections. 

The driven, inverted, flexible pendulum provides a 
simple mechanism by which chaotic behavior can easily 
be seen and measured. We can see from the state space 
diagrams and Poincare sections that the motion we 
measured was truly chaotic. The apparatus is cheap and 
easy to build from parts found in most undergraduate 
physics laboratories. We created a successful off-the-
shelf, mechanical oscillator by which nonlinear behavior 
can be seen and  measured.  

The data collected using a 1.2 Hz driving frequency 
clearly shows the two potential wells predicted by our 
model. 

The chaotic strange attractor derived from our theoretical 
model is very similar to the strange attractor derived 
from our experimental data. 

FIGURE 2 – Theoretical Time Series FIGURE 3 – Experimental Time Series 

FIGURE 5 – Theoretical State Space 
Diagram  

FIGURE 6 – Experimental State Space 
Diagram  

FIGURE 7 – Theoretical Poincare 
Section 

FIGURE 8 – Experimental Poincare 
Section 

FIGURE 1 – Apparatus 
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