
“Chaotic Mixing and Hamiltonian Phase Space” 
 

Objective 
 
 This laboratory will introduce you to the field of “deterministic chaos” through 
the investigation of a very simple system that can show chaotic phenomena:  chaotic 
mixing of passive tracers by a predominately two-dimensional blinking vortex flow.  One 
of the main features of a system that can display chaotic behavior is that the time 
evolution of the system is sensitive to initial conditions, i.e., that small initial 
uncertainties grow roughly exponentially in time.  By tracking the motions of individual 
tracers in the flow, we will measure this separation explicitly. Chaotic mixing in a two-
dimensional flow can also be modeled as the evolution of a system in a Hamiltonian 
phase space, so this system is ideal for introducing phase space concepts. 
 

We will complement the experimental studies with numerical simulations of the 
phenomena. 
 
I. Introduction:  Nonlinear Dynamics and Deterministic Chaos 
 
 During the last 30 years, an interdisciplinary field of science and mathematics has 
developed referred to as “Nonlinear Dynamics.”  Studies in this area deal with systems 
whose equations of motion are not simple linear equations that can easily be solved 
analytically.  The equations describing nonlinear always contain (by definition) at least 
one nonlinear term.  The classic example of a linear equation is the simple harmonic 
oscillator with or without damping and forcing: 
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where γ represents the damping, ω the natural frequency of oscillation and fd(t) is an 
external forcing term.  If we consider a pendulum, however, instead of a simple harmonic 
oscillator, the restoring term (torque) is proportional to the sine of the angular 
displacement instead of being linear in the displacement: 
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The sinθ term makes the equation of motion for the pendulum nonlinear, unlike the linear 
equation of motion for the harmonic oscillator. 
 
 Almost all university physics and mathematics courses limit their analysis to 
linear systems for the simple reason that the equations describing these systems can be 
solved analytically.  For instance, the simple harmonic oscillator has a solution x(t) = 



Acos(t+δ).  Nonlinear systems, in general, cannot be solved analytically (although there 
are a few exceptions to this rule); consequently, their behavior can be analyzed 
theoretically only with the use of numerical simulations.  Alternately, these nonlinear 
equations can be approximated in limited situations as linear equations, and solutions can 
be obtained in these linear regimes.  Another property of nonlinear systems is that they 
allow for the possibility of “determinstic chaos.” 
 
Deterministic Chaos 
 
 Deterministic chaos is the erratic, unpredictable behavior that can be displayed by 
nonlinear systems.  It had earlier been thought that only very complicated systems can 
display complicated behavior; consequently, if a system behaved erratically, it was 
thought that the equations of motion for the system would be hopelessly complicated.  
However, some very simple systems can show surprisingly complicated behavior (as this 
experiment shows).  This is the first hallmark of determinstic chaos:  a very simple 
system displaying very complicated, random-looking behavior. 
 
 The second hallmark of deterministic chaos is a property referred to as sensitivity 
to initial conditions.  To explain this idea, it is necessary to discuss prediction in 
deterministic systems. 
 
 Theoretically, for any deterministic system, the future can be predicted perfectly.  
A measurement is made of the initial conditions of the system, and these initial 
conditions are fed into the equations of motion, which are then integrated to determine 
the future behavior of the system.  However, in reality, any measurement of initial 
conditions has some inherent error, and this error affects the quality of the prediction.  
For a linear system, if an initial measurement has a certain fractional error, then the 
future prediction should be expected to be accurate only to a comparable fractional error.  
Errors in the initial measurement might even grow with time, making the future 
predictions more and more inaccurate; however, the quality of the predictions can be 
improved simply by improving the initial measurement.  Let’s say, for instance, that you 
are predicting the future of a system, and you find that with a particular accuracy for an 
initial measurement that you can predict 20 minutes into the future before the errors 
become too large.  Theoretically, if you improve the accuracy of the initial measurement 
by a factor of 2, then you should expect to be able to predict the future of the system with 
reasonable accuracy for 40 minutes. 
 
 For a nonlinear system, the previous discussion may or may not hold; in fact, this 
type of analysis forms a litmus test to distinguish a chaotic system from a non-chaotic 
one.  Whereas errors in a prediction will grow no faster than linearly in time for a non-
chaotic system, errors grow roughly exponentially in time for a chaotic system.  The 
exponential growth in uncertainty forms the basis of sensitivity to initial conditions.  As 
is the case for a non-chaotic system, the prediction can be reasonably accurate for the 
short-term; however, for a chaotic system, the growth in the uncertainty is so rapid that 
future predictions become almost impossible.  And a improvement in the accuracy of the 



initial measurement by, say, a factor of 2 will result in a very minimal improvement in 
the duration of the prediction. 
 
II.  Analytical Techniques 
 
 There are several techniques that are commonly used in the analysis of chaotic 
systems.  We will define each in turn. 
 
 Phase space plots.  “Phase space” is an abstract way of plotting the behavior of a 
system over time.  As such, it is ideal for analyzing the nature of the time dependence of 
a system.  Dimension of phase space is the minimum number of variables needed to 
describe completely the state of the system, and a point in a phase space plot describes 
the momentary state of a system, while a curve in a phase space plot describes the time 
dependent behavior. 
 
 We will use the pendulum as an example.  An undamped pendulum has a phase 
space that looks like this: 
 

 
 On the diagram, there are several different curves, each corresponding to a 

different set of initial conditions.  The solid dots at  =0 and  =-
 ... are referred to as “fixed points.”  If the pendulum starts with 
any of these initial conditions, then it doesn’t move.  These points all correspond to the 
pendulum motionless and either hanging straight down or pointing straight up.  For any 
other initial conditions, the pendulum with either swing back and forth (corresponding to 
the ovals in the diagram) or will flip around repeatedly in the same direction 
(corresponding to the unbounded trajectories at the top or bottom. 

 
 
 
 
 
 
 
 
 
 
 
Figure 1:  Phase space for a time-independent (unforced), undamped 
pendulum. 





      



 
 If we add friction to the problem, then the swinging 
pendulum will slow down, swinging with smaller and smaller 
amplitude until it settles on one of the fixed points, as seen in 
the figure to the right. 
 
 A few things to note about this phase space formalism:  
(a) Each point in phase space specifies a unique state for the 

system.  If the pendulum has a particular   and  , then its 
future behavior is completely determined.  In this case, we say that we have a 2-
dimensional phase space, because two variables are all that is required to fully specify the 
state of the system.  (b) Trajectories never cross in phase space; if they crossed, you’d 
have a point where there were two possible futures.  For this reason, you can never have 
chaos for any system that can be described by a 2-dimensional phase space.  Since the 
trajectories never cross, a trajectory can either be a close curve, or it must increasingly 
expand or continually contract.  Systems with 3 or more phase space dimensions, 
however, can allow for chaos. 
 
 An example of a higher-dimensional phase space is the double pendulum.  If two 
pendula are hinged together and allowed to swing, it is necessary to specify the angle and 
angular velocity for both pendula to specify completely the state of the system.  There are 
therefore 4 dimensions to the phase space that describes the double pendulum, which can 
(and usually does) display chaotic behavior. 
 
 Alternately, the addition of time dependence to the forcing can result in a phase 

space that requires three-dimensions (θ,  , and t). This is accomplished by making the 
forcing fd(t) in Eq. (1) time, dependent, e.g., fd(t) = Acos(ωt). In this case, regions of the 
phase space break up into chaotic regions.  The best way to demonstrate the existence of 
chaotic regions is via Poincare sections, discussed below. 
 
 Chaotic Mixing.  The motion of a passive tracer in a two-dimensional (2D) fluid 
flow can be determined from the equations describing the velocity field: 
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where vx and vy are the x- and y-components of the velocity field. For a 2D, 
incompressible fluid flow, the equations for these velocities can be derived from a 
streamfunction ψ(x,y,t) via  
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Consequently, the equations of motion of a tracer moving in a 2D, incompressible flow 
are equivalent to the phase space dynamics of a Hamiltonian system.  From this 

 



perspective, the motion of a tracer in a 2D chain of vortices is equivalent to the phase 
space dynamics of the pendulum (compare Figure 2 to Figure 1). 
 

 
Poincare Sections.  The forced pendulum requires three variables to completely 

specify its state:  the angle  , the angular velocity  , and the time t.  Similarly, for 
tracers moving in a time-dependent, 2D fluid flow (e.g., if the vortices undulate 
periodically in time), three variables are needed: the x- and y-coordinates of the tracer 
and the time t.  The phase space for either of these systems is then three-dimensional.  
However, a three-dimensional phase space is difficult to display on a flat screen or a 
sheet of paper.  There are therefore two ways commonly used to display the phase space:  
(a) You can display a 2-D projection of the phase space, ignoring the time and plotting   

vs.   as for the unforced pendulum, or x vs y for the tracer moving in the vortex flow.  In 
this case, however, trajectories will appear to cross; however, they aren’t really crossing 
because there is a third dimension to the phase space that isn’t displayed if you are 
showing only the projection.  (b) You can use a Poincare section. 
 
 From here on, we will use the motion of a tracer in a 2D flow in all of our 
discussions.  A Poincare section takes advantage of the periodicity of many 3-D phase 
space systems.  This is applicable for the case of a tracer moving in a vortex flow if that 
flow has with periodic time dependence.  Consequently, a tracer that starts with 
coordinates (x,y, t) will behave identically to one that starts with coordinates (x,y, t+T), 
where T is the period of the forcing.  A Poincare section takes advantage of this 
periodicity by making a “stroboscopic” map.  A phase space trajectory is determined, but 
it is only plotted once every period of oscillation.  You can think of this by imagining the 
phase space trajectory evolving in the dark, with a strobe light flashing once each period.  
Wherever the trajectory happens to be when the light flashes, it leaves a dot on the plot.   
After many periods of oscillation, you end up with a collection of dots that can illustrate 
the behavior of the system. 
 

 
 
 
 
 
 
 
 
 
 
 
Figure 2:  Trajectories for tracers moving in a co-rotating chain of vortices. 

x 

y

    



 
Figure 4:  Semi-logarithmic plot of the 
separation of tracers moving in the 
chaotic region of a simulation of the 
alternating vortex flow of Fig. 3. 

 We illustrate this with transport in an alternating chain of vortices, shown in 
Figure 3: 
 

 
A Poincare section is shown in Fig. 3b for this flow.  A key result here is that the system 
divides into two types of regions: ordered regions in the vortex cores where tracers 
undergo well-behaved, predictable trajectories, and a chaotic region around the vortex 
edges where tracers undergo much more complicated trajectories. 
 
 Lyapunov exponents.  The definition of a 
chaotic system is one that shows sensitive 
dependence on initial conditions.  In the case of 
chaotic mixing, sensitive dependence means that 
nearby tracers in the flow separate roughly 
exponentially in time:  Δr(t) 	Δroeλt,	where	Δr0	is	
the	initial	separation	and	λ	is	the	Lyapunov	
exponent.		From	this	perspective,	a	chaotic	
system	can	be	defined	as	one	with	a	positive	
Lyapunov	exponent.		In	reality,	for	a	2D	flow,	
there	are	two	Lyapunov	exponents	λ1	and	λ2	
whose	sum	must	add	to	zero	since	the	flow	in	
incompressible;	i.e.,	if	the	flow	stretches	a	blob	
of	impurity	in	one	direction,	it	compresses	it	in	a	
normal	direction.		For	the	alternating	vortex	chain	of	Figure	3,	the	separation	of	two	
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Figure 3:  (a) Sketch of chain of alternating vortices.  For the time-periodic flow, 
the vortex chain oscillates periodically in a lateral direction.  (b) Simulation of 
Poincare section, showing the behavior of 15 tracers initially located along the 
center horizontal line of the alternating vortex flow. 

       



tracers	initially	very	close	together	in	the	chaotic	region	is	shown	in	Figure	4	in	a	
semi‐logarithmic	plot.		The	slope	of	the	roughly	linear	region	of	this	semi‐log	plot	is	
the	positive	Lyapunov	exponent	for	tracers	moving	in	the	chaotic	region. 
  
  
III.  The blinking vortex flow 
 
For this lab, we will be using a very simple, 2D flow composed of two vortices that 
alternate or “blink” periodically in time, with the flow alternately circling around one 
vortex and then the other (Figure 5). This flow was among the first to be shown to have 
chaotic mixing.1 

 
 
Mixing in this flow is both straightforward to simulate and to reproduce in a simple 
petrie-dish apparatus in the lab. 
 
IV. Tasks  
 
(These are open-ended tasks – you are free to explore issues in this experiment based on 
your interests.) 
 

1. Load the IDL program called “blink.pro” which simulates the motion of an 
individual tracer in a blinking vortex flow.  (You can also write a program to 
simulate the motion using Matlab, VPython, or any other programming 
language.)  You can use this program, and modify it for the other tasks.  
 
Use this program and variations of it to: 
 

                                                 
1 H. Aref, “Stirring by chaotic advection,” J. Fluid Mech. 143, 1 (1984). 

 
 
 
 
 
 
 
 
 
 
 
 
Figure 5:  Sketch of blinking vortex flow and equations describing the x- and y-
velocities. 
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a. Explore the trajectories of a tracer moving in this flow with different 
combinations of flow amplitude A and period of oscillation T.  Note 
that the structure of the trajectory should depend only on the 
dimensionless parameter μ = AT/b. 
 

b. Simulate the motion of two tracers initially close together to explore 
sensitive dependence on initial conditions. 
 

c. Write a program to generate a Poincare section generated by a single 
tracer moving in the chaotic region, and run for a sufficiently large 
number of periods to be able to reveal the structure of the chaotic 
region for mixing in this flow. 
 

d. Simulate the motion of either a box or a line of tracers in the flow. 
 

2. Conduct experiments using the petrie dish apparatus (Figure 6).   
 
The fluid should be a roughly equal mixture of distilled water and glycerin 
with some dissolved salt to carry the electrical current (0.5 g of NaCl per 20 
ml of water should be more than adequate). Add 15 ml of this solution to the 
petrie dish, making sure that it covers the entire bottom of the dish, making 
good contact with the entire outer electrode. 
 
Use the transistor circuit (see circuit diagram), a function generator with 
TTL/CMOS output set to a frequency of 0.050 Hz, and a current source 
providing a current of 0.01 mA.  The petrie dish apparatus sits on top of a 
large (2” diameter) Nd-Fe-Bo magnet. 
 
Warning:  before using the magnet (i.e., taking it out of its protective box), 
check to be sure that there is nothing in the vicinity of the petrie dish that 
would be attracted to the magnet.  (Use smaller magnets to sweep the area 
before bringing out the large magnet.) 
 
Perform the following tasks with the experiment: 
 

a. Make a video of the motion of at least two individual tracers in the 
flow.  Transfer the video to a computer and use Tracker to track the 
motion of the tracer(s) in the flow.  The tracers should be very near 
each other at some point in the flow so that you can measure their 
separation as a function of time. 
 

b. Export the trajectories obtained using Tracker to an Excel file and 
calculate the separation of the tracers as a function of time.  Plot this 
separation versus time, both as a linear plot and as a semi-logarithmic 
plot, and use these data to verify that there is a positive Lyapunov 
exponent for tracers moving in the chaotic region.  Note:  it might be 



necessary to do this a few times and average the results (i.e., 
separation versus time) to get a reasonable measurement of the 
exponential growth in the separation. 
 

c. Inject a small dot of food coloring in the fluid and run the flow again, 
making a movie of the mixing of the dye as a function of time.  How 
does the exponential separation of nearby tracers show up in the 
mixing of dye in a flow with chaotic mixing?  How does the negative 
Lyapunov exponent show up in this mixing?  How can you 
characterize the structure of the ordered and disordered regions from 
images of the mixing of dye? 
 

d. If you have time (which you probably won’t), perhaps try to measure a 
Poincare section experimentally.  This is quite time-consuming and 
requires taking data for a long time since you can plot only one point 
each period of oscillation.  Use the blinking LED on the transistor 
circuit to determine when to acquire a data point each period. 
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Figure 6:  Sketch of blinking vortex apparatus.  (a) Top view; (b) side view. The 
magnet is a 2” Nd-Fe-Bo magnet on which the petrie dish apparatus rests.  Two 
stainless steel electrodes penetrate into the 3 mm deep fluid layer from below, and a 
thicker stainless steel wire surrounds the outside of the petrie dish. 
 


